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NOTE: Attempt any FIVE questions in all selecting at least TWO questions from each
section.

Section-I
Q.1(a) Define Euclidean space. Witn usual notation, for x, y & R* show that "x y” = ||x||ﬂ y“ .

(b) If 4 is bounded sct of real numbers and 4> 0, show that Inf (bA) = b(Inf (A)) and
Sup(bA) = b(Sup(4)) . (10+.0)

Q2@ If 5, = N Spag =2 +\/}; ;n=1,2,..., then prove that the sequence {s,} is convergent.

(b) State and prove the Bolzano-Weierstrass Theorem. (1010)

«©
. . 1
Q.3(a) Discuss the convergence of the serics Z-

w2 n(logn)” .
s

. a. . .—C ep
(b) If @ and ¢ are real numbers with ¢ >0 and f be defined on [~1,1] by f(x)= {g s x lff * ¢8,
if x=

then f is continuous if and only if a > 0.(10+10)
Q.4(a) Show that every differentiable function is continuous but converse is not true in general.
(b) Let f be differentiable on [a,b], f'(x)=0 forall xe[a,b] if and only if f is constant on

[a,b] . (10+10)
Q.5(a) Discuss the extreme valucs of the function f(x, y,z) =x yz subject to the condition x* + y* +2z* =4.

- (b) If f, and J, exist in some neighbourhood of point («,b) and both are differentiable on (a,b), then

show that Jo(a,b) = Jyxta,b). (10+10)

Section-1f

Q.6 (a) If /e R(cx) on aninterval I =[a,b], and ¢ be any constant, then ¢ f € R(a) on [ and
b

chda =cji./'da.

«

(b) Let f:[a,b]--> R be bounded and « :[a,b] —>» R be increasing function. Prove that if f >0, then

b
jfda >0. (10+10)
¢ P.T.O.



Q7@ If feR(a) fe R(a,)on [a,b] , then prove that f € R(e; +a,) on [a,b] and
b b b
[fda =Ifdal +[ fda,.
a a a
(b) Let 1 be continuous on [a,b]. If f'exists and is bounded on ]a,b[ , then f is of bounded variation

on [a,vb]. (10+10)

Q.8(a) Test the uniform convergence of S (x)=e¢"cosnx; 0 <x <o
(b) Prove that the sequence of the functions { f,,} defined on E |, converges uniformly on E if and

only if for every & > 0 there exist an mteger N, such that m,n> N, x € E implies that

|/, - £, (0| < &. (10+10)

dx

x° '
==dx (il) | 7——-dx
VX' +1 E[XU(HXL)

Q.9(a) Test for the convergence of (1) J'
0

(b) Discuss the convergence of J Snx dx . (10+10)
x
0
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NOTE: Attempt any FIVE questions in all selecting at least two questions from each section.

Q.1 (a) Let G be a finite g group and H non- empty subset G. Prove that H is subgroup of G | (10)
' - if and only if His closed.
(b) State and prove Lagrange’s Theorem. Also, verify it for all the subgroups of Ss. (10)
| Q.2 (d) Show that every group of order p* is abelian, where p is a prime number. Also, (10)
list all non- lsomorplm groups of order p o
| {b) __D_efme normal sub;rroup, and prove that every subgroup of index 2 is normal. (10)
0.3 | (a) {Let [ :(%4,+) - (X, + )beafunction given by f(a) = a (mod 20) . Show (10)
that f is a group homomorphism. Also, compute its kernel and image.
{b) Show that the relation of'berr\_gwc-on—Jugét_euelements ina group Gis arraec;-ur\/_:;fe_nce ) (15). _____ o
relation. Also, list a'l the conjugacy classes of S;.
a4 “("a‘)”mDefme Ll:re—dcnvediubg—;roup G’ of agroup G. Prove that G’ is a normal W(>10)
subgroup of G and the factor group '/ G' is abelian. Also, prove that if Kis a
' normal subgroup of G such that G/ K is abelian then K contains G'.
_ (b) ::_‘State and prove Sylow s first theorem. o - B (10) B
2.5 t{a}  Write down all the clements of the alternating group 4 of degree 4 and (10)
| symmotrrc Broup S . Wnte down all the subgroups of 4, .
{b) Show that the altcrnatmg group A, of degree nis a normal subgroup of 5 and (10)
! has order -E-;z! .
i SECTION i
L\r) ) (a) Statc and provc Rank Nullity theorem:. S o (10) o
{b) ‘Let A be any n X n with entries from the set of real numbers IR. Show that the (10)
Xq
function T+ IR" -—— R" given by T(x) = Ax , where x = x‘ .is alinear
x?l
! : 1 2 3
, transformation. Also, compute the dimension of Ker (T) for A = l4 5 6|
. R 7..8._9. .
17 } {a) ‘Lel A be a matrix of order n x n with entries from the set of real numbers IR. (10)

| Show that the given statements are equivalent: (i) A is non-singular matrix,
’ {ii) The rows of Aform a basis of IR, (iii) The columns of Aform a basis of K.

“ (b) | Prove that a finite integral domain is a field. (10)

Q8 (a) “Prove that the ring //,n of congruence classes modulo n is a field if and only if nis | (10)

prime number.

‘(kv':’) State and provc Cauchy —Schwarz mequallty Give its one application. (10)

{59 '(a) Prove that cigenvectors of a symmetrlc matrix corresponding to drstmct (10)
engcnva!uos are orthogonal

(b) “Show that every matrix Ais a root of its characteristic polynomial. Also, illustrate | (10)

I it with some example.




UNIVERSITY OF THE PUNJAB

Part-1 : Supplementary Examination 2018
Examination:- M.A./M.Sc. * RoINO. .vovvvererreeeree

0000000008080 000000CC0OCCIT

L XN NN )

“t«‘l 1;;9' g

Subject: Mathematics (Old & New Course) MAX. TIME: 3 Hrs.
PAPER: III (Complex Analysis and Differential Geometry) MAX. MARKS: 100

NOTE: Attempt any FIVE questions in all selecting at least TWO questions from each section.
SECTION-I

Q.1. (a) Definc analytic funczion. If f = w -+ iv is analytic, then prove that

a2 R )

2w = .

e e = [ z

ozt Oy? |
(b} Withont verifying Canchy Riemanu equations show that f(z) = cos(37z 4 35iy) is not
analytic.

Q.2. {a) Let the transfovmation be w - coshz. Show that the line y -- ¢, where 2¢/7
not an integer, is mapped onto a branch of the hyperbola

e V2

. =1

e Ny
CGS* ¢ sin” C

(b) Given that
2?y* (2 + 1y) ,
i AL T )
[(z) . ]yl

U. 2=,

Show that Cauchy Riemann equations are satisfied but the function is not analytic.

Q-3. {a) Prove that an entire bounded function is constant.  Also prove that SinZ is
unbounded. ‘

(b} Fxpand f(7) = {.)‘,--_-“_—,l—‘}l(—;;;;)-’\_‘ in a Laurents’ series valid for the regions

W) 12l<t @) 1<iZl<3 (i) |Z]>3.

o o

Q.4. (a) Lvaluate [
(2,3) and then (2,3) to (2,4).

(2u 1 22)dr -+ (32 — y)dy along the straight line from (0,3) to

2% L N e
. 27 (1 -+ 2cos #)" cosnfl
b) Evaluate [ - -——F—--—-—— d0.
(b) Vllll(;{ 3 50080 ¢

Q.5. (a) State and prove Mittag-LefHler’s expansion theorem.

Ly | deduce that sinrZ =2 I (1= 22 )
b) Prove that n cotn/ = — + —--—| and deduce thal sinwZ == — == .
( ) I 4 Z—'Jl ZQ N ’nz ‘ . 7i-21 n2 /'}




SECTION-II

Q.6. (a) Compute curvature of a logarithmic spiral y(t) = (¢*sint, e*tcost). Also find its
wnit speed parametrization.

(b) The position vector 7 a: any point, on the surface of revolution is 7 = (u cos§, usin 6, f(0)).
Fiud Gaussian and Mean curvatures.

Q.7. {a) Prove that ellipsoid

2 L2
yo.F
b2 2

is a regular surface.
(b) Prove Meusnier’s Theorem.

Q.8. (a) If K, is the normal curvature of a surface in anv dircction making an angle o

with the principal direction, then prove that K, = K,cos?y -+ Kysin2i.
(b) Compute First Fundamental form of the right circular cylinder.

N TE Y ey = Iy . . -
Q.9. (a) If ri{, 772, 725 and N are linear independent vectors on the surface 7 o=
then derive Weingarten equations.

s ~ P . . ‘
(b) Compute Iy, Gy and I'%, for the surlace © = wcos(#). y = usin(f}, » = cu.
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NOTE: Attempt any FIVE questtons selecting at least TWO questwns from each
section. Each question carries equal marks.

SECTION1

@ 1. (a) Give a definition of [[F.n ds over a surface S in terms of limit of a sum, where F is a
S
vector function. %mpoqe that the surface S has projection R on the 2y-plane. Show that
j Fads = jf‘ulnkl
(b) Show that ¥ = r2r is conscrvative force field. Find the scalar potential of this force.
' [10410=:20]
& 2. (a) Evaluate [[A . n dS where A = zi+a j— 3%z k and S is the surface of the cylinder
v ://'3 = EG included in the first octant between = - 0 and z = 5.
(b) Evaluate the integral §(y -- sinz)dz + coszdy by the usual integration process and then

C
apply the Green’s theoremn to show thal the results obtained by the two techniques are
same. The boundary curve (' is the triangle as shown in the adjoining Figure 1.

[10+4+10=20)]

8 ()

0

IFigure 1: The boundary curve C as stated in Question No. 2(b).

& 3. (a) What is divergence theorem? Using divergence theorem, evaluate [[F . n dS where
s

T o= 4uzi- 42 )+ ¢z kand S is the surface of the cube bounded by z = 0, v = 1, y = 0,
y=1,z=0and z = 1.

(b) Differentiate between symmetric and skew symmetric tensors. What is the largest
number of different components which a symetric contravariant tensor of rank two
can have if

(a) N =2 (b) N=3, (c) N =4d.

Can the result be generalized for any dimension?
[10+4+10=:20]

P.T.O



4. (a)

(b)

5. (a)

(b)

6. (a)

(b)
7. (a)
(b)
8 (a)

(b)

9. (a)
(b)

What are orthogonal cuvvilinear coordinates? What is the difference between an orthogonal
and a nou-orthogonal cuvvilinear coordinate system? Show Lhat a cylindrical coordinate
system is orthogonal.

Given a transformation = = (1’ - v2) /2y = w2 = z {~oc <u < 20,u >0, ~00 < z < 20) from
Cartesian coordinates (2*) = (x,y, z) to parabolic cylindrical coordinates () = (u,v,2) in
R®. Find the transformation matrices /0 2! and [9z4/0 2’| expressing them both in
primed coordinates and their determinants J and J.

[10++10==20]

A quantity A(p,q,7) in the coordinate system z' satisfies the relation Alp,q.7)B3* = s

where 3!* and (3 are tensors of given ranks. Show that A(p,y.7) is a tensor. What is the
rank of the tensor A(p,q,7)?

What are symmetric and skew symmetric tensors? Show that every tensor can be
expressed as the sum of two tensors, one of which is symmetric and the other skew-
symmetric in a pair of covariant or contravariant indices.

1104-10:=20]
SECTION II

Consider the two observers in the two coordinate systems Oxyz and OXYZ having
the common origin O. The coordinate system Oxyz is in rotation with respect to the
coordinate system OXY 7 taken as fixed in space. Find the 2nd order time-derivative of
a vector A = 4yi+ A,j + Azk as seen by the two observers. What is the acceleration of
moving particle as observed by the two observers?

An zyz coordinate system is rotating with aungular velocity w == 5i — 4j - 10k relative to a
fixed coordinate system XY Z having the same origin. Find the expression for the velocity
and the acceleration of a particle fixed in the zyz system at the point (3,1, ~2) as seen by
an observer in the XY 7.

{] 04 10;‘:20]

State and prove perpendicular axis theorem for a discrete distribution of mass in a plane.
Apply this result to find the moment of inertia of an elliptic disc of semi-major and semi-
minor axes of lengths ¢ and b, aboul an axis perpendicular to the plane of elliptic disc
passing through its center.

Show that a hoop of mass m and radius a/v?2 is equimomental with a circular plate of
mass m and radius «.

[10-+10==20]

Show that the total angular momentum of a system of particles about any point O is
equal to the angnular momentum of the total mass assumed to be located at the center
of mass plus the angular momentum aboui the center of mass.
Find the expression for moment of inertia of a rigid body about an arbitrary line making
angles a, 4,y with the z,y and z coordinate axes.
[104-10:=201

Find the expression for momental ellipsoid of an ellipsoid at its center.

Derive Euler’s equations of motion and establish the constancy of kinetic encrgy and
angular momentum. Write Euler’s equations of motion in case the axes are not principal
axes.

[10+10=20]
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NOTE:Attempt FIVE questions in all, selecting at least TWO from each section.

Q1 (a)
(b)
Q2 (a)
(b)
Q.3 (a)‘
(b)
Q4 (a)
(b).
Qs (a)
(b)
Q.6 (a)
(b)

SECTION-I

Let (X,z') be a topological spaceand 4 < X . Let A“ denote the derived set of A. If the

closure of A, is defined as AU A“ and denoted by A, then prove that A is closed.

Define interior, exterior and frontier of a set. Let X = K.z = usual topology on R . Find

the interior, exterior and frontier of the subset { of all rational numbers.

Prove that any uncountable set X with co-finite topology is not first countable and so not
second countable.

Prove that a space X isa 1, - space if and only if, forany a < X', {a}is closed.

A Topological space (\T) is norma! if and only if for any closed set A and an open set U
containing A there is at least one open set V containing Asuchthat ACV <V C U.
Show that every metric space is regular

Let X be a topological space. Then prove that any infinite subset of X has a limit point if
and only if every countably infinite subset has a limit point.

A topological space (X,z‘) is connected if and only if every continuous function

/X — D (adiscrete space) reduces to a constant function.

SECTION-I

Prove that every closed ball E(a;r) in a normed space (Y,|i ) is closed.

(i) Prove that every Cauchy sequence is bounded.

(i) Prove that every convergent sequence is a Cauchy sequence. Give an example to show
that a bounded set may not be convergent.

State and prove Cantor’s intersection theorem.

Let N be a Normed spac2 and F be a field. Show that

(i) The function f : N x N > N defined by f(x,y): x + y is uniformly continuous.

(10)

(10)

(10)

(10)

(10)

(10)

P.T.O.



Q.7

Q.8

Q.9

(a)

(b)

(a)
(b)

(a)

(b)

(i) The function g : F'x N -— N defined by g(c, x) =cx,c is constant, is continuous.

(iii) The function /s : N — N defined by A, (x) = ax.a is fixed scalar, is continuous.

Let S be a closed subspace of a Banach space N. Then Show that the quotient space N/Sis

a Banach space with the norm defined by Iix + S

=inf||x + s

! sed

Let M be a proper closed subspace of a normed space N and a € (0,1).Then prove that

there exists x, € N such that ||¥a|| =]and ”x - X, |! 2aforall xe M.
Prove that every linear operator on a finite dimensional normed space is bounded.

Let N be an n-dimensional normed space. Then prove that its dual N"is also an n-
dimensional.

Let A be a non-empty complete convex subset of an inner product space V,andx eV \ 4.

f .o I
Then there is a unique ¥ € 4 such that !|X B yl\ - ;nj;x -V !! .
P €

Forany Xx. yin a complex inner product space V. Prove that

P -ile-nff)].

. 11y, 12
LN P, C 312 [y .
Gy = g (b == )il iy

(10)

(10)

(10)
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